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larger than the total degree.
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1. Introduction
Let CPn+k denote the complex projective space of dimension n + k. A complete intersection
Xn(d) ⊆ CPn+k is the transversal intersection of k hypersurfaces de-ned by the vanishing of homo-
geneous polynomials whose degrees are given by an unordered k-tuple d=(d1; : : : ; dk). The unordered
set d and the product d= d1 · · ·dk are called the multidegree and the total degree of Xn(d). Thom
showed that the complex dimension n and the multidegree d determine the di7eomorphism type of
Xn(d). A natural problem to consider is the di7eomorphism classi-cation of complete intersections.
In dimension 1 this follows from the classical theory of Riemann surfaces. In dimension 3, the clas-
si-cation is established by appealing to general classi-cation theorems in di7erential topology [7,13],
while in dimensions 2 and 4 the homeomorphism classi-cation has been settled in [6,5]. Kreck [8]
introduced a modi-ed surgery theory which reduces the di7eomorphism classi-cation of complete
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intersections to the determination of a bordism invariant. This was applied by Traving [12] to obtain
partial classi-cation results in higher dimensions under some restrictions on the total degree.
In this paper, we address the problem of deciding when two complete intersections have the same
homotopy type. Although some partial results on the homotopy classi-cation of complete intersections
have been obtained, the problem remains unsolved even for dimensions as low as n= 4.
Unless otherwise speci-ed, we assume n¿ 2. Without loss of generality we may assume that all
di are at least 2, because if some equals 1, the e7ect of omitting it is to lower the embedding
Xn(d) ⊂ CPn+k to Xn(d) ⊂ CPn+k−1.
Under the assumption that the total degree d does not have small divisors, Libgober and Wood
[10] have proved for n odd and Fang [4] has proved for n even that the homotopy type of Xn(d)
is determined by n; d, its Euler characteristic, and its signature. More precisely, these results show
that if Xn(d) and Xn(d ′) are two complete intersections of complex dimension n with the same
total degree d, and if n6min{2pi − 3}, where p1; : : : ; p‘ are the primes that divide d, then Xn(d)
and Xn(d ′) are homotopy equivalent if and only if their Euler characteristics and signatures agree.
Note that this establishes the homotopy classi-cation of complete intersections for small values of
n relative to the total degree d. Our results settle the homotopy classi-cation problem of complete
intersections for which the dimension n is large relative to d.
Let p(m) denote the exponent of the highest power of p that divides m. Given a multidegree
d = (d1; : : : ; dk) and a prime p we de-ne Lp(d), the p–localization of d , to be the unordered
sequence obtained from
(pp(d1); : : : ; pp(dk))
by deleting those entries with p(di) = 0.
We say that d and d ′ are equivalent, and write d ∼ d ′, if they have the same p-localizations for
all primes p.
In Section 2, we shall prove the following theorem, which extends a result of Libgober and Wood
[11].
Theorem 1.1. If d ∼ d ′, then for any n¿ 2 the complete intersections Xn(d) and Xn(d ′) are
homotopy equivalent provided their Euler characteristics and signatures agree.
The following theorem provides a partial converse to Theorem 1.1.
Theorem 1.2. If d and d ′ are nonequivalent multidegrees, there is a positive integer N (d ; d ′) such
that if n¿N (d ; d ′) then the complete intersections Xn(d) and Xn(d ′) are not homotopy equivalent.
It is well known that the total degree is a homotopy invariant. We may therefore assume in
Theorem 1.2 that d and d ′ have the same total degree.
The integer N (d ; d ′) is de-ned as follows. If d = (d1; : : : ; dk) is a multidegree, we de-ne a
polynomial D(d) with integer coeIcients by
k∏
i=1
(x + 1)di − 1
x
:
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If d and d ′ are nonequivalent multidegrees with the same total degree, the quotient D(d)=D(d ′)
determines a power series with rational coeIcients and constant term equal to 1. The integer N (d ; d ′)
is de-ned as twice the smallest degree of the noninteger coeIcients in this power series. The question
of determining N (d ; d ′) arises and an upper bound for it may be described as follows.
Let d and d ′ be nonequivalent multidegrees with the same total degree d and let pr11 · · ·pr‘‘ be
the prime decomposition of d. Observe that at least one of the exponents ri has to be greater than
1, for otherwise d and d ′ would be equivalent.
Let
Nd =max{2(pi − 1)p[(ri−2)=2]i | ri¿ 2}:
Then one can show that N (d ; d ′)6Nd (see Theorem 5.1). This upper bound is optimal in the sense
that it coincides with the largest of the values of N (d ; d ′) for nonequivalent d and d ′ having total
degree d. When all the exponents in the prime decomposition of d are 1, we set Nd = 3.
Theorems 1.1 and 1.2 provide a solution to the homotopy classi-cation problem when the dimen-
sion is large.
Corollary 1.3. Let d and d ′ be multidegrees with the same total degree d and let n¿Nd. The
complete intersections Xn(d) and Xn(d ′) are homotopy equivalent if and only if d ∼ d ′, and their
Euler characteristics and signatures agree.
Fang [4] applied Sullivan’s characteristic variety theory to obtain the following homeomorphism
classi-cation theorem for complete intersections.
Theorem 1.4 (Fang). Let Xn(d) and Xn(d ′) be two homotopy equivalent complete intersections. If
d is odd and n + 2 is not a power of 2, then Xn(d) and Xn(d ′) are homeomorphic if and only if
their Pontrjagin classes agree.
The combination of Theorems 1.1, 1.2 and 1.4 yields
Corollary 1.5. Let d and d ′ be multidegrees with the same odd total degree d. If n + 2 is not a
power of 2 and n¿d then the complete intersections Xn(d) and Xn(d ′) are homeomorphic if and
only if d ∼ d ′, and their Euler characteristics, signatures, and Pontrjagin classes agree.
2. Proof of Theorem 1.1
We -rst recall that in the piecewise linear or topological category every n-dimensional com-
plete intersection Xn(d) can be decomposed as a connected sum Kn(d)#N where N is a smooth
(n− 1)-connected, almost parallelizable manifold, and where rankHn(Kn(d);Z) is as small as pos-
sible. The manifold Kn(d) is called a core of the complete intersection [3,9–11]. Let L(d) be the
unordered sequence obtained by juxtaposing, for all primes p, the p-localizations Lp(d) de-ned in
the introduction. Thus
L(d) = (Lp1(d); : : : ;Lpr (d));
where p1; : : : ; pr are the primes that divide d.
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Theorem 2.1. For any n, the complete intersections Xn(d) and Xn(L(d)) have homotopy equivalent
cores.
Theorem 2.1 follows from Proposition 2.2 and Lemma 2.3.
Proposition 2.2 (Libgober and Wood [11]). Let f :Xn(d)→ Xn(d ′) be a continuous map of degree
one such that f∗(x′)=x, where x and x′ are the cohomology generators in degree 2, and let Kn(d ′)
be a given core of Xn(d ′). Then there is a core Kn(d) of Xn(d) which is homotopy equivalent to
Kn(d ′).
Lemma 2.3. There is a degree one map
f :Xn(d)→ Xn(L(d))
such that f∗(x′) = x.
Proof. We shall make repeated use of Proposition 2.4 below. Let p1; : : : ; p‘ be the primes that
divide d, so that
dj = p
p1 (dj)
1 p
p2 (dj)
2 · · ·p
p‘ (dj)
‘ :
Applying Proposition 2.4 repeatedly we obtain a degree one map
’ :Xn(d1; : : : ; dk)→ Xn(pp1 (d1)1 ; : : : ; p
p‘ (d1)
‘ ; d2; : : : ; dk)
with ’∗(x′) = x. Applying 2.4 in this way to each of d2; : : : ; dk we obtain a map
’ :Xn(d1; : : : ; dk)→ Xn(L(d))
with the required cohomology properties. This completes the proof of Lemma 2.3.
Proposition 2.4 (Libgober and Wood [11]). If a and b are relatively prime, then there is a degree
one map
’ :Xn(ab; c1; : : : ; cr)→ Xn(a; b; c1; : : : ; cr)
such that ’∗(x′) = x.
We can now prove Theorem 1.1. Since d ∼ d ′, we have Xn(L(d)) = Xn(L(d ′)). According to
Proposition 2.2 there is a homotopy equivalence
f :Kn(d)→ Kn(d ′); (2.1)
where Kn(d) and Kn(d ′) are cores of Xn(d) and Xn(d ′) respectively.
We wish to extend f to a homotopy equivalence
Xn(d)→ Xn(d ′):
We will -rst consider the case n odd, and recall that a d-twisted homology CPn, where
n = 2m + 1, is a simply connected, 2n-dimensional CW -complex whose cohomology ring is iso-
morphic to
Z[x; y]=(xm+1 − dy; y2);
where the degree of x is 2 and the degree of y is 2m+ 2.
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Wood [14] and Browder [3] showed that every odd dimensional complete intersection is homeo-
morphic to Kn(d)#N , where rankHn(Kn(d);Z) = 0 and Kn(d) is a d-twisted homology CPn. More-
over, the manifold N is homeomorphic to either (Sn× Sn) or to K#(Sn× Sn), where (Sn× Sn) is
the -fold connected sum of Sn × Sn with itself, and K is the closed topological Kervaire manifold
obtained by adjoining a 2n-disc to the boundary of the smooth manifold resulting from plumbing
together two copies of the tangent disk bundle of Sn. The presence of the Kervaire manifold in the
decomposition is determined by the dimension n, the total degree d and the number of even entries
in d .
Hence, we have that
Xn(d) = Kn(d)#N
and
Xn(d ′) = Kn(d ′)#N ′;
where the numbers of summands Sn× Sn in N and in N ′ are the same because the cores Kn(d) and
Kn(d ′) are homotopy equivalent, and we are assuming that their Euler characteristics agree. Observe
that since d ∼ d ′, the total degrees and the numbers of even entries in d and d ′ are the same.
Hence, K is present in N if and only if it is present in N ′.
The homotopy equivalence f of (2.1) can now be extended by adding to it the appropriate number
of identity summands.
When n is even one cannot -nd a decomposition of Xn(d) with a core Kn(d) such that rank
Hn(Kn(d);Z)=0. Libgober and Wood [9] showed that every even dimensional complete intersection
Xn(d) is homeomorphic to Kn(d)#N , where rankHn(Kn(d);Z)6 5 and N is homeomorphic to
(Sn × Sn)#(V ∪ Dn);
where V is the 2n-manifold with boundary obtained by plumbing eight copies of the tangent disk
bundle of Sn according to the graph E8. The precise value of the minimal rank of Hn(Kn(d);Z) is
determined by the total degree d and the type of the intersection form, while  and  are determined
by the Euler characteristic and signature of Xn(d), and the rank and signature of the core Kn(d).
Hence, there are decompositions
Xn(d) = Kn(d)#(Sn × Sn)#(V ∪ Dn)
and
Xn(d ′) = Kn(d ′)#′(Sn × Sn)#′(V ∪ Dn):
Since the cores Kn(d) and Kn(d ′) are homotopy equivalent and we are assuming that the Euler
characteristics and signatures agree, the numbers of summands Sn × Sn and V ∪ Dn that appear in
each decomposition are the same. Thus, as in the odd case, we can add the appropriate number
of identity summands to extend the homotopy equivalence f of (2.1). This completes the proof of
Theorem 1.1.
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3. Necessary conditions for homotopy equivalence
Let d = (d1; : : : ; dk) be a multidegree. By the Lefschetz hyperplane section theorem there are
embeddings
CP[n=2] g→Xn(d) h→CPn+k :
Let TXn(d) denote the tangent bundle of Xn(d) and h the normal bundle of h. Since h =
∑k
i=1 $
di ,
the stable tangent bundle of Xn(d) is given by
TXn(d) = (n+ k + 1)$−
k∑
i=1
$di : (3.1)
Here $ denotes the canonical line bundle over CPn+k as well as its restrictions to Xn(d) and CP[n=2].
De#nition 3.1. Let x = $ − 1, so that K(CP∞) ∼= Z[[x]]. If d = (d1; : : : ; dk) is a multidegree then
we shall denote by D(d) the polynomial
k∏
i=1
(x + 1)di − 1
x
:
Theorem 3.2. Let d and d ′ be multidegrees and suppose that Xn(d) and Xn(d ′) are homotopy
equivalent. There is then a unit U in Z[x]=(x[n=2]+1) such that D(d) = D(d ′)U .
Proof. Consider the commutative diagram
CP[n=2] g−−−→ Xn(d)f0 f
CP[n=2] g
′
−−−→ Xn(d ′)
where f is a homotopy equivalence and f0 is its restriction. Since f∗0 ($)= $ as real vector bundles,
then
g∗f∗(TXn(d ′)) = f∗0 g
′∗(TXn(d ′)) = (n+ l+ 1)$−
l∑
i=1
$d
′
i
also as real stable vector bundles. Since f is a homotopy equivalence, J (TXn(d)) = J (f∗TXn(d ′)).
Hence J (a(d) − a(d ′)) = 0, where a(d) = k$ −∑ki=1 $di in K(CP[n=2]). Moreover, by Adams and
Walker [1] there is an element  in K˜(CP[n+2]) such that bh(a(d ′) − a(d ′)) = ch(1 + ). It is
straightforward to verify that bh(a(d))ch(D(d)) = d, the total degree of d . Therefore,
ch(1 + )ch(D(d)=D(d ′)) = bh(a(d)− a(d ′))ch(D(d)=D(d ′))
= d=d′
=1:
But ch is a monomorphism as K(CP[n+2]) is torsion-free, and thus D(d) =D(d ′)(1 + )−1, proving
the theorem.
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De#nition 3.3. Given a multidegree d and a prime p, we shall denote by lp(d) the number of
entries in d divisible by p.
Theorem 3.4. Let d and d ′ be multidegrees and suppose that Xn(d) and Xn(d ′) are homotopy
equivalent. If t is the largest exponent such that 2(p− 1)pt6 n then lp(d) ≡ lp(d ′)modpt+1.
Proof. We shall make use of the characteristic classes Y of Astey et al. [2]. Recall that if + is a
complex vector bundle over X , then Yj(+) lies in H 2j(p−1)(X ;Zp) and depends only on the stable
-bre homotopy type of +. Furthermore, Y is multiplicative, and Y (,)=1+c1(,)p−1 for a line bundle
,. Thus, if w = c1($) in H 2(CP[n=2];Z),
Y (TXn(d)) =
(1 + wp−1)n+k+1∏
(1 + dp−1i wp−1)
:
From Fermat’s theorem we have that dp−1i ≡ 1modp if di is prime to p, and therefore Y (TXn(d))=
(1 + wp−1)n+l+1, where l = lp(d). Since f∗TXn(d ′) and TXn(d) are J -equivalent, we have that
(1+wp−1)l−l′ =1. Write l− l′= apt+1 + b, with 06 b¡pt+1. Since (p− 1)pt+1¿ [n=2] we have
(1 + wp−1)‘−‘′ = (1 + wp−1)b in H ∗(CP[n=2];Zp), and, as (p− 1)pt6 [n=2], we also have(
b
j
)
≡ 0modp
for 16 j6pt . Let b= b0 + b1p+ · · ·+ btpt , where 06 bi ¡p. Then(
b
pt
)
≡
(
bt
1
)
modp;
showing that bt = 0 and hence b¡pt . Therefore,(
b
j
)
≡ 0modp
for j¿ 1, implying that b= 0.
4. Proof of Theorem 1.2
To prove Theorem 1.2, we -rst establish two algebraic results.
For any positive integer m let
/m(y) = 1 + y + y2 + · · ·+ ym−1;
so that
(y − 1)/m(y) = ym − 1: (4.1)
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In particular, if p is a prime, r a nonnegative integer, and we take y = (x + 1)p
r
, then
((x + 1)p
r − 1)/p((x + 1)pr) = (x + 1)pr+1 − 1
=
pr+1∑
j=1
(
pr+1
j
)
xj:
After reducing modulo p we obtain
xp
r
/p((x + 1)p
r
) ≡ xpr+1
implying that
/p((x + 1)p
r
) ≡ x(p−1)pr modp: (4.2)
Lemma 4.1. If we write /p((x + 1)p
r
) = a0 + a1x + · · ·+ a(p−1)prx(p−1)pr , then
(i) the coe:cients a0 and a(p−1)pr are p and 1, respectively, and ai ≡ 0modp for 0¡i¡ (p−
1)pr , and
(ii) the polynomial /p((x + 1)p
r
) is irreducible in both Z[x] and Z[[x]].
Proof. The -rst statement is a consequence of the previous remarks. The Eisenstein criterion implies
that /p((x+1)p
r
) is irreducible in Z[x]. The irreducibility in Z[[x]] follows from the fact that a0=p.
The relation (yp
r−1 − 1)/p(ypr−1) = ypr − 1 can be applied inductively to obtain
yp
r − 1 = (y − 1)
r∏
j=1
/p(yp
r−j
):
Setting y = x + 1 in the above relation decomposes (x + 1)p
r − 1 into irreducible factors:
(x + 1)p
r − 1 = x
r∏
j=1
/p((x + 1)p
r−j
): (4.3)
Consider a multidegree d = (d1; : : : ; dk) and let p be a prime dividing its total degree. If di is a
degree with = p(di)¿ 0, then it is immediate from (4.1) that (x+ 1)p
 − 1 divides (x+ 1)di − 1.
This implies that D(Lp(d)) divides D(d). In fact, D(d)=D(Lp(d)) is a polynomial with integer
coeIcients and constant term prime to p, so it is a unit in Z(p)[[x]], the ring of power series with
coeIcients in the integers localized at p.
Proposition 4.2. Let d and d ′ be two multidegrees with the same total degree d and let U be the
element of Q[[x]] satisfying D(d) = D(d ′) · U . Note that the independent term of U is 1. The
following statements are equivalent:
(i) d ∼ d ′.
(ii) U lies in Z(p)[[x]] for every prime p.
(iii) U lies in Z[[x]].
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Proof. If d ∼ d ′ and p is a prime number, then D(Lp(d)) = D(Lp(d ′)) and thus
D(d) = D(d ′) · D(d)=D(Lp(d))
D(d ′)=D(Lp(d ′))
:
Since D(d ′)=D(Lp(d ′)) is a unit in Z(p)[[x]], we have that U is in Z(p)[[x]]. Clearly, U lies in
Z[[x]] if it lies in Z(p)[[x]] for every p.
Assume now that U is in Z[[x]] and that p is a prime dividing d. Since
D(Lp(d))
D(Lp(d ′))
=
D(d ′)=D(Lp(d ′))
D(d)=D(Lp(d))
· D(d)
D(d ′)
and both factors of the right-hand side lie in Z(p)[[x]], we have that D(Lp(d)) = D(Lp(d ′)) · Up
with Up in Z(p)[[x]]. If Lp(d)= (p1 ; : : : ; pk ), then we can use (4.3) to decompose D(Lp(d)) into
irreducible factors, namely,
D(Lp(d)) =
k∏
i=1
i∏
s=1
/p((x + 1)p
i−s): (4.4)
If Lp(d ′) = (p1 ; : : : ; pl) there is a similar decomposition, so
k∏
i=1
i∏
s=1
/p((x + 1)p
i−s) =
‘∏
j=1
j∏
t=1
/p((x + 1)p
j−t
) · Up:
Suppose that 1 is the largest of the integers 1; : : : ; k ; 1; : : : ; ‘. Since Z(p)[[x]] is a unique factor-
ization domain there is a unit V in Z(p)[[x]] and indices j and t such that
/p((x + 1)p
1−1) = /p((x + 1)p
j−t
) · V:
Moreover, the constant term in V is 1, since the constant terms in /p((x + 1)p
1−1) and
/p((x + 1)p
j−t) are p. Reducing modulo p and applying (4.2) we obtain
x(p−1)p
1−1 = x(p−1)p
j−t · V:
Since V has constant term 1 we have that (p− 1)pa1−1 = (p− 1)pj−t , which implies that j = 1,
because 1¿ j and t¿ 1. Proceeding in this manner we have that (p1 ; : : : ; pk ) and (p1 ; : : : ; pl)
are equal as unordered sets, so that d ∼ d ′.
We can now prove Theorem 1.2. Let d and d ′ be nonequivalent multidegrees with the same total
degree, and let U be the element of Q[[x]] such that D(d) = D(d ′) · U . By Proposition 4.2 not
all the coeIcients of U are integers. Let q be the smallest degree where a noninteger coeIcient
occurs. The result follows from Theorem 3.2 after setting N (d ; d ′) = 2q.
5. Upper bounds for N (d; d ′)
Let d and d ′ be nonequivalent multidegrees with the same total degree d. Recall that N (d ; d ′) was
de-ned as twice the smallest degree of the noninteger coeIcients in the power series D(d)=D(d ′),
and that if pm11 · · ·pmkk is the prime decomposition of d then Nd =max{2(pi − 1)p[(mi−2)=2]i }.
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Theorem 5.1. If d and d ′ are nonequivalent multidegrees with the same total degree d then
N (d ; d ′)6Nd.
We will require two results before proving Theorem 5.1. Let p be a -xed prime dividing the total
degree d. De-ne a polynomial with rational coeIcients by
2k(x) =
/p((x + 1)p
k
)
p
:
Lemma 4.1 implies that 2k(x) can be written in the form 2k(x) = A(x) + (1=p)x(p−1)p
k
, where A(x)
is a polynomial of degree (p − 1)pk − 1 with integer coeIcients and constant term 1. Using this
fact, it is straightforward, but cumbersome, to prove the following lemma.
Lemma 5.2. Let k1¡ · · ·¡kn be nonnegative integers, let r1; : : : ; rn be positive integers and let
P(x) denote the product 2k1(x)
r1 · · · 2kn(x)rn .
(i) If we write the coe:cient of degree i in P(x) as m=p5 with m prime to p, then
56
i
(p− 1)pk1 :
(ii) If = p(r1), then the coe:cient of degree (p − 1)pk1+ in P(x) has the form m=pp with m
prime to p.
Proposition 5.3. Let (p1 ; : : : ; pk ) and (p1 ; : : : ; pk ) be multidegrees with the same total degree
and such that i = j. Say 1 =min{1; : : : ; k ; 1; : : : ; k} appears r times, let = p(r), and de;ne
U in Q[[x]] by D(p1 ; : : : ; pk ) =D(p1 ; : : : ; pk ) ·U . There is then in U a coe:cient of degree at
most (p− 1)p1+ that does not lie in Z.
Proof. By (4.4) we have
k∏
i=1
i∏
s=1
/p((x + 1)p
i−s) =
k∏
j=1
j∏
t=1
/p((x + 1)p
j−t
) · U:
Observe that as
∑
i =
∑
j each side of the equation has the same number of irreducible factors.
We have thus
k∏
i=1
i∏
s=1
2i−s(x) =
k∏
j=1
j∏
t=1
2j−t(x) · U:
Cancelling the common factors produces an equation of the form
2k1(x)
r12k2(x)
r2 · · · 2kn(x)rn = 2‘1(x)q12‘2(x)q2 · · · 2‘m(x)qm · U (5.1)
It is easy to verify that then 1 =min{k1; : : : ; kn}, say 1 = k1, and that r1 = r. Let t = (p− 1)p1+.
Write U as
∑
uixi, the left-hand side of (5.1) as
∑
aixi and the product of the 2‘ as
∑
bixi. Then
at = ut + ut−1b1 + ut−2b2 + · · ·+ u1bt−1 + bt: (5.2)
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Let ‘1 = min{‘1; : : : ; ‘m}. By Lemma 5.2, each bi is of the form m=p5i , where
5i6
i
(p− 1)p‘1 ¡
i
(p− 1)p1 :
If all coeIcients in U of degree less than or equal to t were integers, then the right-hand side of
(5.2) would be of the form m=p50 with 50¡t=(p−1)p1 =p. However, this contradicts the second
assertion of Lemma 5.2 that at = m=pp

, proving the proposition.
Proof of 5.1. Let p be a prime with Lp(d) = Lp(d ′), and write Lp(d) = (p1 ; : : : ; pk ) and
Lp(d ′) = (p1 ; : : : ; p‘). If pM is the largest power of p dividing d, then M =
∑
i =
∑
j. After
cancelling common factors in
k∏
i=1
(x + 1)p
i − 1
x
=
‘∏
j=1
(x + 1)p
j − 1
x
· U
we can assume that i = j. Moreover, by adding ones if necessary, we can also assume that both
multidegrees have the same length, say k. If 1=min{1; : : : ; ak ; 1; : : : ; k} appears r times, it is easy
to see that 1 + p(r)6 [(M − 2)=2]. Proposition 5.3 asserts then that D(d)=D(d ′) has a noninteger
coeIcient of degree less than or equal to Nd=2, implying that N (d ; d ′)6Nd.
Finally, we remark that the determination of the smallest degree of the noninteger coeIcients of
D(d =D(d ′)) for every pair d and d ′ of nonequivalent multidegrees with same total degree appears to
be very diIcult. However, we can determine N (d ; d ′) for a large class of such pairs. A key result
is Theorem 5.4 below whose proof we omit as it is of the same nature as that of Proposition 5.3.
Theorem 5.4. Let d = (p1 ; : : : ; pk ) and d ′= (p1 ; : : : ; pk ) be nonequivalent multidegrees with the
same total degree, and such that i = j. If 1 = min{1; : : : ; k ; 1; : : : ; k} appears r times and r
is prime to p, then N (d ; d ′) = 2(p− 1)p1 .
The hypotheses about the length of the multidegrees and the inequalities i = j in Theorem 5.4
can be easily overcome. Indeed, if d = (p1 ; : : : ; pk ) and d ′ = (p1 ; : : : ; p‘) are multidegrees with
the same total degree, we can proceed as in the proof of Theorem 5.1 cancelling common powers
and adding ones if necessary without altering D(d)=D(d ′).
Theorem 5.4 enables us to determine N (d ; d ′) for a large class of pairs of multidegrees with the
same total degree as
N (d ; d ′) = min{N (Lp(d);Lp(d ′))|Lp(d) =Lp(d ′)}
and can also be used to establish the optimality of the upper bound Nd. Indeed, assume that d =
pm11 · · ·pmkk is the prime decomposition of a total degree d, and that Nd = 2(p1 − 1)p[(m1−2)=2]1 .
Consider the multidegrees d = (p11 ; p
2
1 ; p
m2
2 ; : : : ; p
mk
k ) and d
′ = (p11 ; p
2
1 ; p
m2
2 ; : : : ; p
mk
k ), where 1 =
[(m1 − 2)=2]; 2 = [(m1 + 3)=2], 1 = [m1=2], and 2 = [(m1 + 1)=2]. Theorem 5.4 implies that
N (d ; d ′) = Nd, so that Nd is optimal.
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